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1. INTRODUCTION 
The class of compact processes was introduced in [I] as a natural extention 
of the class of dynamical systems under which the invariance principle is 
conserved. For compact processes endowed with a Liapunov functional, 
the invariance principle takes a more precise form; it has been used 
extensively in the study of the asymptotic behavior of solutions of evolutionary 
equations that generate dynamical systems (e.g., [2-51) or compact processes 
of other types (e.g., [6---S]). 
In this article we study the invariance principle in the framework of the 
special class of uniform processes. Roughly speaking, a compact process is 
uniform if its motions are positively Liapunov stable and its limiting processes 
are limits of sequences of right translates which converge in a stronger sense 
than it is required for general compact processes. The exact definition of a 
uniform process is given in Section 3. 
The simplest example of uniform processes is provided by uniform 
dynamical systems. Some interesting aspects of the theory of uniform 
dynamical systems are discussed in a recent article [13] by Della Riccia. 
Uniform processes appear quite commonly in the applications. For 
example, the dynamical systems considered in [4, 51 are uniform and the 
asymptotically dynamical system studied in [8] is also uniform provided that 
the condition of [8, Remark 5.21 holds. 
In return for the stronger assumptions in the definition of a uniform process, 
one gets a rather detailed description of the structure of w-limit sets. Namely, 
every limiting motion of a positively Lagrange stable continuous motion of 
a uniform process is almost periodic. This result is established in Section 3. 
In Section 4 we study the structure of w-limit sets in a uniform process 
endowed with a Liapunov functional. In the general theory of compact 
processes, continuity of the Liapunov functional on the phase space is an 
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essential requirement [I, Def. 5.11. However, for uniform processes the 
continuity restriction can be relaxed and replaced by a mere lower semi- 
continuity condition. We expect that this special feature of uniform processes 
will find applications especially in cases where the phase space is a separable 
reflexive Banach space with the weak topology and the Liapunov functional 
is an appropriate function of the norm (see [9]). An application to asymptotic 
stability theory for a quasilinear wave equation is considered in [lo]. 
Throughout the paper we use freely the terminology and the notation 
introduced in [ 1] as well as the propositions proved therein. For convenience, 
we have included in Section 2 a brief outline of the items most commonly 
used in the sequel. We have also taken the opportunity to reestablish the 
invariance principle for general compact processes (Proposition 3.3 of [I]) 
under weaker assumptions. 
2. THE INVARIANCE PRINCIPLE FOR COMPACT PROCESSES 
We outline here certain parts of the theory of compact processes which 
will be used in the sequel. For details and proofs we refer to [I]. 
Let X be a complete metric space with metric d (phase space), R the set of 
real numbers, and Rf the set of nonnegative real numbers. 
DEFINITION 2.1. A process on X is a map 
u:RxXxR++X 
with the following properties: 
(i) 28(x, 0) = x for all t E R, x E X. (2-l) 
(ii) u~(x, (J + T) = 24 t+“(ut(~, a), T) for all t E R, x E X, u, 7 E Rf. (2.2) 
(iii) For each fixed 7 E Rf, the one-parameter family of maps 
uy., T) : x + x, parameter t E R, 
is equicontinuous. 
DEFINITION 2.2. Let u be a process on X and (t, x) E R x X. Then 
(i) The motion through (t, x) is the map 
ut(x, .) : R+ + X. 
(ii) The orbit of the motion through (t, z) is the range of the above 
map. 
(iii) The dimit set of the motion through (t, x) is the set 
(2.3) 
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DEFINITION 2.3. Let u be a process on X and T E R. The T-translate of u 
is a process uT on X defined by 
u,yx, T) 3 ut+yx, T) for all t E R, x E X, 7 E Rf. (2.4) 
DEFINITION 2.4. A process u on X is called compact if the set of right 
translates {z+ 1 T E R+} is sequentially conditionally compact relative to the 
pointwise topology. 
DEFINITION 2.5. Let u be a compact process on X. A map 
v : R x X x Rf - X is called a limiting process of u if there is a sequence 
{Tn} in RT, T, + CO as n -+ co, such that z+- ---f (u, n --f c0.l The set H[u] 
of all limiting processes of u is called the asymp”totic hull of u. 
DEFINITION 2.6. Let u be a compact process on X and (t, x) E R x X. 
Suppose that w,~(.z) is nonempty and y E w,~(x). By H[u; t, x, y] we denote 
the set of z, E H[u] with the property that there is {T,} in Rf, T, + CO as 
n ---f CO, such that 
UT,+v,n+ co, (2.5) 
zd(x, T,) +y, n --f co. (2.6) 
PROPOSITION 2.1 (The weak invariance principle2). Let u be a compact 
process on X and (t, x) E R x X. Suppose that mUt(x) is nonempty and 
y E OJ,~(X). Then for each v E H[u; t, x, y] and any T E R+, +y, T) E OJ,~(X). 
PROPOSITION 2.2 (The invariance principle). Let u be a compact process 
on X and (t, x) E R x X. Suppose that the orbit of the motion through (t, x) is 
precompact in X. Then OJ,~(X) is nonempty and compact. Furthermore, if 
y E CO,~(X) and v E H[u; t, x, y], there is a map V( y, .) : R J c+“(x) with the 
following properties: 
(4 fi(y, 0) = y. 
(ii) V( y, s + T) = vtfs(8( y, s), T) for all s E R, 7 E Ii+. 
(2.7) 
(2.8) 
In particular, the restriction of ~(y, .) on R+ coincides with the motion of v 
through (t, y). 
Remark 2.1. The invariance principle was established in [I, Propo- 
sition 3.31 under the additional assumption that the motion through (t, x) is 
1 In [I, Proposition 2.11 it is shown that every limiting process of u is a process on X. 
2 The principle is stated here in a slightly more precise form than in [I, Proposi- 
tion 3.11. The proof, however, remains the same. 
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uniformly continuous on R+. We present here a new proof which does not 
depend on continuity. 
PYOO~. Obviously w%“(x) is nonempty, closed and precompact and hence 
compact in X. Let y E w,~(x) and u E H[u; t, x, y]. By Definition 2.6 there is 
(T,} in R+, T, --f co as n j co, such that 
4x, Tn) -+Y, a-+ C-Q, (2.9) 
u*,-+v,12+ co. (2.10) 
For n = 1, 2, 3 ,..., we define 
u& ‘1 sz /:I(,, s + T,) 
for SF(--OO, -T,) 
for s fz [-T, , co). (2.11) 
For every fixed s E R, the set (u-(x, s)} is precompact in X. Thus, a sub- 
sequence of {un) can be constructed, which without loss of generality 
will be assumed to be (u,} itself, such that {uJx, s)} is convergent for 
s = 0, *1, f2 ,.... We claim that actually (u,(x, s)) is convergent for every 
s E R. Indeed, fix s E R. Write s = m + u where m is an integer and (T E Ii+. 
Let 
x, = $2 24,(x, m). (2.12) 
Note that for sufficiently large n, so that T, 3 -s, 
d(u,(x, s), v~+~(z~ , u)) < ~(u~+~+~*(u,(x, m), a), u~+~+~~(z, , CT)) 
+ 44~m(%l ,a>, ~t”(%a , 4. (2.13) 
The right hand side of (2.13) tends to zero as n 4 co, on account of (2.12), 
(2.10) and the equicontinuity of at(., u). Therefore, {u,(x, s)} is convergent 
the limit being vt+“(zm , u). We now set 
qy, s) = ;+z z&(x, s). (2.14) 
It is clear that @(y, s) E wUt(x) for any s E A. For a demonstration of (2.7) 
and (2.8) the reader is referred to the proof of Proposition 3.3 of [l]. 
3. UNIFORM PROCESSES AND THE STRUCTURE OF W-LIMIT SETS 
DEFINITION 3.1. A process u on X is called uniform if 
(i) The two-parameter family of maps 
d(-, 7) : x + x, parameters t E R, 7 E R+, 
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is equicontinuous, i.e., for each x E X and any E > 0 there is S(E; 3) > 0 
with the property that d(y, x) < S(E; x) implies 
W(x, 4, UYY, T)) < E for all t E Ii, 7 E R+. (3.1) 
(ii) For any sequence {T,) in Rf, there is a subsequence {T,*} such that 
(u”T, (x, T)} is convergent for all t E R, x E X, -r E Rf, the convergence being 
unit&-m in (t, T) for t on any subset of R which is bounded from below and 
T in R+. 
Remark 3.1. In particular, every uniform process is compact and actually 
it is uniformly compact to the right [l, Definition 2.61. 
Remark 3.2. A process u on X is called a dynamical system if uT = u for 
all T E R. We observe that a dynamical system is uniform if and only if 
all motions are positively Liapunov stable with respect to the phase space 
[I 1, Chap. V, Definition 8.031. Other interesting classes of processes for which 
uniformity can be discussed include asymptotically dynamical systems, 
periodic, asymptotically periodic, almost periodic and asymptotically almost 
periodic processes. For definitions of those we refer to Section 4 of [l]. 
The following theorem illuminates the structure of the asymptotic hull 
of a uniform process. 
PROPOSITION 3.1. Let u be a uniform process on X and v E H[u]. Then v 
is a uniform process on X with the same modulus of (equi)continuity as u. Further- 
more, H[v] = H[u]. 
Proof. There is (T,) in R+, T, -+ co as n --f co, such that 
for all t E R, x E X, 7 E R+, (3.2) 
the convergence being uniform in (t, T) for t in any subset of R which is 
bounded from below and 7 in R+. 
Fix E > 0 and any x E X and let y E X with d(y, x) < S(E; x) where 
&(E; x) is the modulus of (equi)continuity of ut(., T) at x. For any t E R, 
rER+, 
d(vt(y, T), vt(& T)> < d@(y, T>, &y, T)) + d(ut+Tn(y, T) u~+~“(x, 7)) 
+ 4&(x, T), ‘Jk 7)) 
G E + 4vt(y> 7)~ &(Y, 4) + d(u;,,(x, 4, vt(x, T)). (3.3) 
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On account of (3.2), the right-hand side of (3.3) tends to E as n-+ GO and the 
equicontinuity of the two-parameter family of maps vt(., T) : X - X has 
been established. 
The remainder of the proof closely parallels the proof of Proposition 2.2 
of [l] and will thus be omitted. 
For uniform processes the weak invariance principle takes the following 
more precise form: 
PROPOSITION 3.2. Let u be a uniform process on X and (t, x) E R x X. 
Suppose that wUt(x) is nonempty and y E w,~(x), v E H[u; t, x, y]. Then q,“(y) 
is nonempty and 
clJ,yX) = c-z, (J vyy, T) = coo”(y). (3.4) 
7>0 
Proof. By Definition 2.6 there is a sequence {T,} in R+, T, -+ co as 
n + 00, such that 
UYX, Tn) -Y, ?a+ co, (3.5) 
4*(Y, 4 - 4Y, T>, n+ co, for all 7 E R+, (3.6) 
the convergence being uniform in ‘T on Rf. 
Given z E u,~(x), there is a sequence {TV&} in R+ with 7, --f co as m --f GO 
and 
uyx, TV&) + z, rn+ co. (3.7) 
We select a subsequence {TV,} of {TV} such that (T, = 7mn - T, > n and we 
observe that 
+z, ut(y, a,)) < d(z, +, GJ> + d(Ut+Tn(+, Tn), d, u~+~“(Y, 4 
+ d(&(y, 4, vt(y, 4)- (3.8) 
The right-hand side of (3.8) tends to zero as n + co, on account of (3.7), 
(3.5), (3.6), and the equicontinuity of z8(., u). Hence, 
qY, 4 - z, ?a-+ co, 
and z E wv”(y), i.e., 
%W c %“(Y). 
On the other hand, by virtue of Proposition 2.1 and Eq. (2.3), 
WV”(Y) c Cl, u fQ, 7) c %YX). 
7>0 
(3.9) 
(3.10) 
(3.11) 
Combining (3.10) with (3.11) we arrive at (3.4). 
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Remark 3.3. Specialized to dynamical systems, Proposition 3.2 reduces 
to the following statement: The w-limit set of any motion of a uniform 
dynamical system is either empty or a minimal set [I 1, Chap. V, Defi- 
nition 7.011. This result was established by Deysach and Sell [12] and, 
independently, by Della Riccia [13]. 
The following theorem supplements the invariance principle (Propo- 
sition 2.2) in case the process is uniform. 
PROPOSITION 3.3. Let u be a uniform process on X and (t, x) E R x X. 
Suppose that the orbit of the motion through (t, x) is precompact in X and let 
y E wUt(x), v E H[u; t, x, y]. Furthermore, consider the map v(y, .) : R + wUt(x) 
de&ted in Proposition 2.2. Then 
(9 wu”(x) = Wut(y) = Cl, u 5(y, s). (3.12) 
-m<&c 
(ii) For any E > 0, the set of T E R for which 
@(y, s + T), @(Y, 4 < E, (3.13) 
for all s E R, ally E We” and all V, is relatively dense in R, i.e., there is L, > 0 
such that every interval of length L, contains elements of the set. 
(iii) If the motion through (t, x) is continuous, then ~(y, .) is almost 
periodic. Actually, the set of all v that are defined on wUt(x) is equi-almost 
periodic. 
Proof. Assertion (i) follows immediately from Propositions 2.2 and 3.2. 
To prove (ii), we claim that for any E > 0 the set of 7 E R+ with the property 
d(v’(y, T>,Y> < E (3.14) 
for all y E wUt(x), v E H[u; t, x, y], is relatively dense in R+. Indeed, suppose 
that this is not the case. Then there is some E > 0 and sequences {T,>, {T,} 
in R+, T, + co as n + 00, such that for n = 1, 2 ,..., 
d(vn+(yn 7 4, Y,) 2 E for all T E [TV , T, + TJ, (3.15) 
where yn E w,~(x) and v, E H[u; t, x, ~~1.~ 
Since w,~(x) is compact, we may assume without loss of generality that 
both {Y,>> {v,“(~n 9 T,)} are convergent and let 
Yn-fY, n--t 00, (3.16) 
%YYn P 7,) - 2, n-+ co. (3.17) 
3 Here IZ is an index; ZI, should not be confused with the n-translate of v. 
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By the triangle inequality, 
4vnt(y, T,), 4 < 4v,Yy, ~4, vn.Y~n 9 T,)) + 4vnYyn > T,>, 4, (3.18) 
which, on account of (3.16), (3.17) and Proposition 3.1, yields 
%YY, 7,) - x, n--t co. (3.19) 
Because vu, E H[u; t, x, y,J, one can find (J E Rf so that 
(3.20) 
4&Y, 4 d(Y, 4) < $ 3 for all 7 E R+, 
d(U;;“(Z, T), V;+‘(Z, T)) < $ , for all S, 7 E R+. 
(3.21) 
(3.22) 
In view of (3.20) and (3.16), 
qx, %) - Y, n+ co. (3.23) 
Moreover, 
d(+, T, + Q), 2) < +t+ofl(& %), 7,)~ ut+on(y, 7,~)) 
+ @&(Y, 7,)~ v,t(Y, Tn)) + +nt(Y, 7,)s 2). (3.24) 
Therefore, using (3.23) (3.21), (3.19), and the equicontinuity of u~(., T), we 
conclude that 
ut(X, Tn + fl,) + 2, n+ co. (3.25) 
On the other hand, there is a subsequence of (7, + un}, which for simplicity 
will be denoted again by {Tn + cm}, and v E H[u; t, x, z] such that 
u7n+on + VT n-P co. (3.26) 
Fix now any T E R+. For sufficiently large n so that T, > T and by 
virtue of (3.15), we have 
E < d(V,&‘n , 7, + T),Y,) < +~+Tn(v&‘n 9 T,)> T)> vtn+Tn(Z, )) 
+ d(v:+yZ, T), tp@, T)) + +:n+o,(% q 4% TN 
4 qw, T), Y> + 4Y, Yd (3.27) 
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On account of (3.17), (3.22), (3.26), (3.16) and Proposition 3.1, we deduce 
that the right-hand side of (3.27) tends to d(vt(z, T), y) as n + 00. Then 
474% Thy) > E for all T E Rf. (3.28) 
However, this is a contradiction because y E CZ, &,, nt(z, T) by Propo- 
sition 3.2. The relative denseness of the set of 7 in Rf for which (3.14) holds 
has thus been established. 
Recalling (2.8), we have for any s E R, T E Rf, 
WY, s + T), fi(y, 4) = d(v,t(@(y, 4 T), fl(y, 4). (3.29) 
It is easily seen that v E H[u; t, x, y] implies v, E H[u, t, x, ~(y, s)]. Hence 
the set of all T E R+ for which (3.13) is satisfied is relatively dense in R+. 
But if (3.13) is satisfied for some T then it is also satisfied with T replaced 
by -T. It follows that the set of T E R for which (3.13) is satisfied is relatively 
dense in R. The proof of (ii) is complete. 
Assume now that the motion ut(x, .) : R+ --f X is continuous. Retracing 
the proof of Proposition 2.2, and in particular using (2.13), we conclude 
that for uniform processes the convergence in (2.14) is uniform in s for s 
in any subset of R which is bounded from below. Hence, @(y, .) : R --f OJ,~(X) 
is continuous in which case assertion (iii) follows directly from (ii). 
Remark 3.4. In the special case of uniform dynamical systems there is a 
close connection between Proposition 3.3 and the results of Nemytskii 
[I 1, Chap. V, Theorem 9.061 and Deysach and Sell [12]. 
In the applications and in view of Proposition 2.2, one has to determine 
whether the orbit of the motion through a certain point is precompact in 
the phase space. The following theorem facilitates this task in the case of 
uniform processes. 
PROPOSITION 3.4. Let u be a uniform process on X and t E R. By Yt we 
denote the set of y E X with the property that the orbit of the motion through 
(t, y) is precompact in X. Then Yt is closed. 
Proof. Let y E Cl,Y, . Then there is {yn}, yn E Y, , such that 
Yn-fY, n--t co. (3.30) 
Consider any sequence {T,} in R+. Since ylt E Y, , one can construct by 
Cantor’s diagonalization procedure a subsequence of (T,), which for sim- 
plicity will be denoted again by {T,}, such that {u”(y% , T,)} is convergent, 
as m - co, for n = 1, 2 ,.... 
410 DAFERMOS 
Fix any E > 0. Since u is uniform, there is (a fixed) n so that 
44Y, 71, uYY, , 7)) < ; for all r E R+. (3.31) 
On the other hand, {&(y, , T,,)} . is convergent hence there exists K(E) such 
that if K, I > K(E), then 
W(Yn > Tk)> UYYn P Td) < 5 - (3.32) 
Thus, for K, 2 2 K(E), 
+ W(Yn , T,), UYY, Tt)) < 6 
which shows that {~“(y, T,)} is convergent as m -+ co, i.e., y E 1; and Yt is 
closed. 
The above proposition has many applications. For example, in the case of 
the uniform dynamical system considered in [4], it implies that the principal 
result [4, Theorem 5.11 is valid not only for initial data in H,(Q), as proved 
there, but also for initial data in the “larger” space CZ,OH,(Q) = H,(Q). 
Remark 3.5. Of all the special properties of uniform processes, the proof of 
Proposition 3.4 relies solely on the equicontinuity of the one-parameter family 
of maps u~(., T) : X --f X, parameter 7 E R f. Thus, the assertion is valid for 
a wider class of processes. For example, Proposition 3.4 can be applied in the 
case of the asymptotically dynamical system studied in [8] although this 
process is not uniform in general unless the assumption of [8, Remark 5.21 
holds. 
Remark 3.6. By the same method one shows that if u is a uniform process 
on X then the set of z E X with the property that the motion through (t, x) 
is continuous is closed. 
4. SEMICONTINUOUS LIAPUNOV FUNCTIONALS FOR UNIFORM PROCESSES 
In [ 1, Section 51 we have introduced the concept of a Liapunov functional 
for a compact process and we have demonstrated that the existence of such 
a functional provides additional information on the structure of w-limit sets. 
Here we show that analogous results can be obtained for uniform processes 
even if the definition of a Liapunov functional is broadened in the following 
way: 
DEFINITION 4.1. Let u be a uniform process on X. A map V : R x X -+ R 
is called a semicontinuous Liapunov functional for u if 
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(i) The one-parameter family of maps P(.) : X -+ R, parameter 
t E R, is lower equisemicontinuous, i.e., for each x E X and any E > 0 there 
is T(E; x) such that if d(x, X) < T(E; x), then 
V(x) < V”(X) + E for all t E R. (4.1) 
(ii) For every t E R, x E X, 7 E Ri-, 
v~+T(d(X, T)) < V(x). (4.2) 
(iii) For any sequence {T,) in R+ with {ur } convergent, the sequence 
{ V”“n(.x)> is also convergent for every t E R, X~E X, the convergence being 
uniform in t on any subset of R which is bounded from below. 
DEFINITION 4.2. Let u be a uniform process on X and V a semicontinuous 
Liapunov functional for u. The limiting semicontinuous Liapunov functional 
generated by V is the map W : H[u] x R x X - R defined as follows: 
For v E H[u], t E R, x E X, 
W,“(x) 32 ;i v+=“(X), (4.3) 
where {T,} is any sequence in Rf such that ur n ---f v, n + co. 
Remark 4.1. Let u be a uniform process on X and I’ a semicontinuous 
Liapunov functional for u which generates the limiting semicontinuous 
Liapunov functional W. Suppose that 21 E H[u] and T E R. It is clear that 
if ur, ---f v, n + CO, then ur+r n --f vr , n + co, so that vr E H[u] and 
w&(x) = W”,“(X) for all t E R, x E X. (4.4) 
The following theorem provides a justification for the term “limiting 
semicontinuous Liapunov functional”. 
PROPOSITION 4.1. Let u be a uniform process on X and V a semicontinuous 
Liapunov functional for u which generates the limiting semicontinuous Liapunov 
functional W. For any v E H[u], W, : R x X --+ R is a semicontinuous Liapunov 
junctional for v. 
Proof. There is {T,} in R+, T, + CO as n --f 00, such that 
n-+ co, for all t E R, x E X, T E R+, (4.5) 
the convergence being uniform in (t, T) for t on any subset of R which is 
bounded from below and 7 in R+. 
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Fix t E R, x E X, E > 0 and let ZE X with d(x, Z) ,( T(E; x) where T(E; x) 
is the modulus of equisemicontinuity of P(.) at x. Then, by (4.3) and (4.1), 
W,“(x) = pi vt+T”(X), (4.6) 
W,“(X) = lim V”+G(X), n-tm (4.7) 
Vt+yX) ,( v”+yq + E, n = I, 2,..., (4.8) 
whence 
W*i(x) < We”(n) + E. (4.9) 
This establishes the equisemicontinuity of W,t(*) with the same modulus 
as V(.). 
To show that W, is decreasing along motions, fix x E X, t E R, T E R+. 
For n = 1, 2,..., 
wy(d(x, T)) - W,“(x) = [l4$+yd(X, T)) - Vt+‘+Tqvt(X, T))] 
+ [Vt+‘+ywt(X) T)) - Vt+T+=ffU;n(X, T))] 
+ [ Vt+T~+T(Ut+TqX, T)) - v”+‘yx)] 
+ [P+=qx) - W,“(x)]. (4.10) 
Using (4.5), (4.2), (4.3), and the equisemicontinuity of P(e), we deduce that 
the limit superior of the right-hand side of (4.10), as n -+ CO, is nonpositive. 
Therefore, 
@34X, 7)) d W,“(x) foralltER,xEX,rER+. (4.11) 
Suppose now that for some sequence {S,} in R+, 
vs, - w, n-t co. (4.12) 
Recalling (4.5) and using the triangle inequality, 
uT,,+Sn -we n-+ co. (4.13) 
Then (Definition 4.2), 
V “+T”+s”(x) -+ Ww”(x) for all t E R, x E X, (4.14) 
the convergence being uniform in t on any subset of R which is bounded 
from below. By virtue of (4.6), (4.14) and the triangle inequality, we deduce 
w:+s”(x) -+ wwt(x), n+ co, for all t E R, x E X, (4.15) 
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the convergence being uniform in t on any subset of R which is bounded 
from below. This completes the proof. 
The following theorem contains the main result of this section. It 
supplements the invariance principle by characterizing the w-limit set of 
motions of a uniform process when a Liapunov functional exists. 
PROPOSITION 4.2. Let u be a uniform process on X and V a semicontinuous 
Liapunov functional for u which generates the limiting semicontinuous Liapunov 
functional W. Suppose that for some (t, x) E R x X, CO,~(X) is nonempty and 
y, z E UJ,~(X). If v E H[u; t, x, y], w E H[u; t, x, z], then 
W,"(Y) = Ww”(4. (4.16) 
In particular, for any 7 E R+, 
Jc+7(v”(Y, 4) = W,“(Y). (4.17) 
Proof. There are sequences {T,}, {S,} in RR+, T, + CO as n - 00, 
S, -+ 00, as m -+ co, such that 
uV, TrJ -Y> n --f co, (4.18) 
4&Y, 4 -+ +x, 4 n+ co, for all s E R, x E X, T E R+, (4.19) 
d(X, S,) + z, m--t 00, (4.20) 
u&(x, T> -+ qx, 71, rnd 03, for all s E R, x E X, T E R+, (4.21) 
the convergence in (4.19) and (4.21) being uniform in (s, 7) for s on any 
subset of R which is bounded from below and 7 in R+. 
Consider a subsequence {Sm,} of {S,} with Sm. > T,, + n and set 
Qn = Sm, - T, . Using (4.19), (4.21) and the triangle inequality, we obtain 
4,(x, 7) -+ qx, 4, n-+ 00, for all s E R, x E X, T E Rf, (4.22) 
whence 
wE+Q”(x) + ww”(x), n--too, for all s E R, x E X. (4.23) 
On the other hand, 
4vtb Qn), 4 G 4vt(y, Qn), &jr, Qd 
+ d(u”+=“( y, Qn), ut+=“(ut(x, T,), QnN 
+ 44x, Sm,), 4 (4.24) 
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so that by (4.19), (4.18), (4.20) and the equicontinuity of us(*, a), we deduce 
f4Y, Qn) - z, ?z-+ co. (4.25) 
By virtue of (4.23), (4.25) and Proposition 4.1, 
Interchanging the roles of (~1, y) and (w, a), we obtain 
(4.27) 
and (4.16) follows by combining (4.26) with (4.27). 
Given 7 E R+, we select x = vt(y, 7) in which case nu, E H[u; t, x, z]. 
Recalling Remark 4.1, we deduce (4.17) from (4.16). The proof is complete. 
For an application of the above result we refer to [lo]. 
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